Hyperbolic Alexandrov-Fenchel quermassintegral inequalities I by Ge, Yuxin et al.
ar
X
iv
:1
30
3.
17
14
v2
  [
ma
th.
DG
]  
20
 M
ar 
20
13
HYPERBOLIC ALEXANDROV-FENCHEL QUERMASSINTEGRAL
INEQUALITIES. I
YUXIN GE, GUOFANG WANG, AND JIE WU
Abstract. In this paper we prove the following geometric inequality in the hyperbolic space
H
n (n ≥ 5), which is a hyperbolic Alexandrov-Fenchel inequality,∫
Σ
σ4dµ ≥ C
4
n−1ωn−1
{(
|Σ|
ωn−1
) 1
2
+
(
|Σ|
ωn−1
) 1
2
n−5
n−1
}2
,
provided that Σ is a horospherical convex hypersurface. Equality holds if and only if Σ is a
geodesic sphere in Hn.
1. Introduction
The Alexandrov-Fenchel inequalities for quermassintegrals of convex domains in Rn, as a gen-
eralization of the classical isoperimetric inequality, play an important role in classical geometry.
For a bounded smooth domain Ω ⊂ Rn with boundary ∂Ω = Σ, let κ = (κ1, κ2, · · · , κn−1) be the
set of the principal curvatures of Σ and σk : R
n−1 → R the k-th elementary symmetric function.
One of equivalent definitions of the quermassintegrals of Ω is
(1.1) Vn−k(Ω) = cn,k
∫
Σ
σk−1(κ), k ≥ 1,
where cn,k = C
k
n−1/C
k−1
n−1. In this paper we denote C
k
n−1 =
(n−1)!
k!(n−1−k)! . Vn is the volume of Ω up to
a constant multiple and Vn−1 the area of Σ. The celebrated Alexandrov-Fenchel quermassintegral
inequalities state that if Ω is convex, then for 0 ≤ i < j < n,
(1.2)
Vn−j(Ω)
1
n−j
Vn−j(B)
1
n−j
≥
Vn−i(Ω)
1
n−i
Vn−i(B)
1
n−i
.
When i = 0 and j = 1, (1.2) is the isoperimetric inequality. For k ≥ 1 in (1.1), inequality (1.2)
is equivalent to
(1.3)
∫
Σ
σk ≥ C
k
n−1ωn−1
(
1
Cjn−1
1
ωn−1
∫
Σ
σj
)n−1−k
n−1−j
, 0 ≤ j < k ≤ n− 1,
where ωn−1 is the area of the standard sphere S
n−1. (In this paper we use a convention that
σ0 = 1.) Hence inequality (1.3) is also interpreted as a generalization of the isoperimetric
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inequality. When k = 1, this is usually called a Minkowski inequality. When j = 0, it is
(1.4)
∫
Σ
σk ≥ C
k
n−1ωn−1
(
|Σ|
ωn−1
)n−1−k
n−1
.
The Alexandrov-Fenchel quermassintegral inequalities in Rn have been intensively studied in the
last several decades. See classical books of Santos[39], Burago-Zalgaller [9] and Schneider [41].
For the non-convex domains, see the recent interesting work of Guan-Li [25] and Huisken [31]
and also the work of Chang-Wang [11]. Here we just mention a conformal version of Alexandrov-
Fenchel quermassintegral inequalities in Sn in [29], which is curious that there is a very closed
relation to the hyperbolic Alexandrov-Fenchel quermassintegral inequalities which we want to
establish in this paper.
In this paper we are interested in its analogue in the hyperbolic space Hn. Let Hn = R+×Sn−1
with the hyperbolic metric
g¯ = dr2 + sinh2 rgSn−1 ,
where gSn−1 is the standard round metric on the unit sphere S
n−1. The isoperimetric inequality
on the hyperbolic space Hn was obtained by Schmidt [40]. See a flow approach in [35]. When
n = 2, the hyperbolic isoperimetric inequality is
L2 ≥ 4piA+A2,
where L is the length of a curve γ in H2 and A is the area of the enclosed domain by γ.
Moreover, equality holds if and only if γ is a circle. There are many attempts to establish
Alexandrov-Fenchel inequalities on the hyperbolic space Hn. See, for example, [38] and [42]. In
[18], Gallego-Solanes proved by using integral geometry the following interesting inequality for
convex domains in Hn, precisely, there holds,
(1.5)
∫
Σ
σkdµ > cC
k
n−1|Σ|,
where c = 1 if k > 1 and c = (n − 2)/(n − 1) if k = 1 and |Σ| is the area of Σ. Here dµ is the
area element of the induced metric. See also [5]. The above inequality (1.5) (k > 1) is sharp in
the sense that the constant c could not be improved. However, this inequality is far away from
being optimal, especially when |Σ| is small.
Recently motivated by the study of the quasi-local mass and the Penrose inequality, Brendle-
Hung-Wang [8] established the following Minkowski type inequalities (i.e., k = 1)
(1.6)
∫
Σ
(
λ′H − (n− 1)〈∇¯λ′, ν〉
)
dµ ≥ (n− 1)ω
1
n−1
n−1 |Σ|
n−2
n−1 ,
and de Lima and Girao [15] proved the following related inequality
(1.7)
∫
Σ
λ′Hdµ ≥ (n − 1)ωn−1
(( |Σ|
ωn−1
)
n−2
n−1 + (
|Σ|
ωn−1
) n
n−1
)
,
where λ′(r) = cosh r, if Σ is star-shaped and mean convex (i.e. H > 0). This total mean
curvature integral with the weight λ′ appears naturally in the definition of the Brown-York
mass and the Liu-Yau mass and in the Penrose inequality for asymptotically hyperbolic graphs
[14]. The higher order mean curvature integrals
∫
λ′σ2k−1 appear also in our work [21] on a
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new mass on asymptotically hyperbolic graphs. It is an interesting open problem if one can
generalize (1.6) and (1.7) for general k.
In this paper we are interested in the Alexandrov-Fenchel quermassintegral inequalities in Hn
for curvature integrals without the weight λ′, i.e, for∫
Σ
σkdµ.
Such curvature integrals, like in the Euclidean case, have a close relationship with quermassin-
tegral in Hn. See for example [39, 18, 42]. We will give more details in our forthcoming paper
[22]. Such an inequality for σ2 was first proved by Li-Wei-Xiong in a recent work [34].∫
Σ
σ2dµ ≥
(n− 1)(n − 2)
2
(
|Σ|+ ω
2
n−1
n−1 |Σ|
n−3
n−1
)
,(1.8)
provided that Σ ⊂ Hn is a star-shaped and two-convex hypersurface, ie., σ1 ≥ 0 and σ2 ≥ 0.
In this paper we obtain
Theorem 1.1. Let n ≥ 5. If Σ ⊂ Hn is horospherical convex, then
(1.9)
∫
Σ
σ4dµ ≥ C
4
n−1ωn−1
{(
|Σ|
ωn−1
) 1
2
+
(
|Σ|
ωn−1
) 1
2
n−5
n−1
}2
,
where ωn−1 is the area of the unit sphere S
n−1 and |Σ| is the area of Σ. Equality holds if and
only if Σ is a geodesic sphere. Moreover, when n = 5, (1.9) holds provided that Σ ⊂ Hn is a
star-shaped and two-convex hypersurface, ie., σ1 ≥ 0 and σ2 ≥ 0.
Theorem 1.1 implies trivially an (equivalent) isoperimetric type result: In the class of horo-
spherical convex hypersurfaces with fixed area, the minimum of
∫
σ4dµ is achieved by and only
by geodesic spheres.
Unlike in the case of Rn, we believe that in the case of Hn the parity of k in the k-scalar
curvature σk plays a role in the Alexandrov-Fenchel quermassintegral inequalities
1. Namely, for
odd k the Alexandrov-Fenchel quermassintegral inequalities should look like (1.6) or (1.7), while
for even k (1.8) and (1.9) are the correct and the best ones. See also Theorem 3.7 below. In a
forthcoming paper [22] we will establish the Alexandrov-Fenchel quermassintegral inequalities
for general even k.
Σ ⊂ Hn is horospherical convex if all principal curvatures are larger than or equal to 1. The
horospherical convexity is a natural geometric concept, which is equivalent to the geometric
convexity in Riemannian manifolds. Through our work, we believe that it is (almost) the best
condition for inequality (1.9). See Remark 3.4 and Remark 3.5 below.
The fundamental idea to show the above geometric inequalities is the same: Consider a
suitable functional and a suitable geometric flow and prove this functional is non-increasing under
the geometric flow. If the flow converges to the standard sphere, then we have an inequality,
with a best constant achieved by the standard sphere. The flow we use is the inverse curvature
1Haizhong Li has a similar idea [33]
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flow studied by Gerhardt [23]
(1.10)
∂X
∂t
=
n− 4
4
σ3
σ4
ν,
where ν is the outer normal of Σ.
The first problem we meet is: what is the suitable functional for our inequality (1.9)? By the
work of Brendle-Hung-Wang [8], de Lima-Gira˜o [15] and Li-Wei-Xiong [34], one may guess that
the following functional
(1.11) Q(Σ) := |Σ|−
n−5
n−1
∫
Σt
{
σ4 −
(n− 3)(n − 4)
6
σ2 +
(n− 1)(n − 2)(n − 3)(n − 4)
24
}
,
could be a good candidate. In fact,
l2 :=
(
σ4 −
(n− 3)(n − 4)
6
σ2 +
(n− 1)(n − 2)(n − 3)(n − 4)
24
)
,
is the Gauss-Bonnet curvature L2 up to a constant multiple. The Gauss-Bonnet curvature L2 is
an intrinsic geometric invariant which is a natural generalization of the scalar curvature R. For
the Gauss-Bonnet curvature L2, see for example [20]. We remark that the functional considered
in [34] is in fact the Yamabe quotient for the scalar curvature R. Our functional (1.11) is also a
Yamabe type quotient for L2. Due to the complication of the geometry of the hyperbolic space,
we obtain a variation formula of
∫
l2, which has three terms that we have to deal with. Unlike
the cases of proving inequalities (1.6), (1.7) and (1.8), one can not directly use the Newton-
MacLaurin inequalities (Lemma 2.1) to deal with these three terms. More precisely, among the
three terms appeared in (3.1),
5
σ5σ3
σ4
−
4(n− 5)
n− 4
σ4,
4(n− 3)
n− 4
σ2 − 3
σ23
σ4
,
are non-positive, and the term
σ1σ3
σ4
−
4(n − 1)
n− 4
,
is non-negative in the use of the Newton-MacLaurin inequalities. For the monotonicity of the
functional Q we need to show that the sum of these 3 term is non-positive. Hence we have to
deal with them together. Since these terms have different scaling of κ, one could not expect
the sum of these three terms is non-positive for all κ = (κ1, · · · , κn−1) ∈ R
n−1
+ . Fortunately
we show that it does be non-positive, if κi ≥ 1 for all i. See Proposition 3.3. This is one
of crucial points of this paper, where the assumption of the horospherical convexity plays a
crucial role. By applying the work of Gerhardt on the inverse curvature flow, one can show that
flow (1.10) preserves the condition of the horospherical convexity. Therefore, the functional Q
defined in (1.11) is non-increasing under flow (1.10). Hence, in order to obtain an inequality we
now only need to consider the limit of Q under flow (1.10). Now, we meet another problem,
flow (1.10) converges only asymptotically in the sense presented in Proposition 2.2, namely the
flow converges asymptotically to a sphere with a metric g conformal to the standard round
metric on Sn−1. We show that along the flow, the induced metric has (asymptotically) positive
Schouten tensor, if the evolving hypersurface is horospherical convex. For such a metric on Sn−1,
a generalized Sobolev inequality was proved by Guan-Wang [29] in conformal geometry. Here
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the horospherical convexity plays again an important role. With this inequality we get a best
estimate for Q in Theorem 3.7. Therefore Theorem 1.1 follows. It is interesting to see that the
results in conformal geometry on the sphere are closely related to the hyperbolic Alexandrov-
Fenchel inequality in Hn. The connecting bridge is the inverse curvature flow of Gerhardt [23].
See also the work of Ding [16]. For the recent related work see [6, 5, 32].
The rest of this paper is organized as follows. In Section 2 we present some basic facts about
the elementary functions σk, the variational formula for
∫
σk and recall a generalized Sobolev
inequality from [29]. The preservation of the horospherical convexity under a inverse curvature
flow considered by Gerhardt, together with its convergence, is given in this section. In Section
3, we prove the crucial monotonicity of Q, analyze its asymptotic behavior under flow (1.10),
and prove Theorem 1.1.
2. Preliminaries
Let σk be the k-th elementary symmetry function σk : R
n−1 → R defined by
σk(Λ) =
∑
i1<···<ik
λi1 · · ·λik for Λ = (λ1, · · · , λn−1) ∈ R
n−1.
The definition of σk can be easily extended to the set of all symmetric matrix. The Garding
cone Γ+k is defined as
Γ+k = {Λ ∈ R
n−1 |σj(Λ) > 0, ∀j ≤ k}.
We collect the basic facts about σk, which will be directly used in this paper. For other related
facts, see a survey of Guan [24] or [34].
Lemma 2.1. For Λ ∈ Γ+k , we have the following Newton-MacLaurin inequalities
σk−1σk+1
σ2k
≤
k(n− k − 1)
(k + 1)(n − k)
,(2.1)
σ1σk−1
σk
≥
k(n− 1)
n− k
.(2.2)
Moreover, equality holds in (2.1) or (2.2) at Λ if and only if Λ = c(1, 1, · · · , 1).
The Newton-MacLaurin inequalities play a very important role in proving geometric inequal-
ities mentioned above. However, we will see that these inequalities are not precise enough to
show our inequality (1.9).
Let Hn = R+ × Sn−1 with the hyperbolic metric
g¯ = dr2 + sinh2 rgSn−1 ,
where gSn−1 is the standard round metric on the unit sphere S
n−1 and Σ ⊂ Hn a smooth closed
hypersurface in Hn with a unit outward normal ν. Let h be the second fundamental form of Σ
and κ = (κ1, · · · , κn−1) the set of principal curvatures of Σ in H
n with respect to ν. The k-th
mean curvature of Σ is defined by
σk = σk(κ).
We now consider the following curvature evolution equation
(2.3)
d
dt
X = Fν,
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where Σt = X(t, ·) is a family of hypersurfaces in H
n, ν is the unit outward normal to Σt = X(t, ·)
and F is a speed function which may depend on the position vector X and principal curvatures
of Σt. One can check that along flow (2.3),
d
dt
∫
Σ
σkdµ =(k + 1)
∫
Σ
Fσk+1dµ + (n − k)
∫
Σ
Fσk−1dµ.(2.4)
For a proof see for instance [37]. Here we use a convention σ−1 = 0. If one compares flow (2.3) in
H
n with a similar flow of hypersurfaces in Rn, the last term in (2.4) is an extra term. This extra
term comes from the sectional curvature −1 of Hn and makes the phenomenon of hypersurfaces
in Hn much different from the one of hypersurfaces in Rn.
As mentioned above, we use exactly the following inverse flow
(2.5)
d
dt
X =
n− 4
4
σ3
σ4
ν.
By using the result of Gerhardt [23], we have
Proposition 2.2. If the initial hypersurface Σ is horospherical convex, then the solution for flow
(2.5) exists for all time t > 0 and preserves the condition of horospherical convexity. Moreover,
the hypersurfaces Σt become more and more umbilical in the sense of
|hij − δ
i
j | ≤ Ce
− t
n−1 , t > 0,
i.e., the principal curvatures are uniformly bounded and converge exponentially fast to one. Here
hij = g
ikhkj , where g is the induced metric and h is the second fundamental form.
Proof. In [23] Gerhardt studied a more general inverse flow under a weaker condition that the
initial surface is star-shaped.
(2.6)
d
dt
X = −Φ(F )ν,
with a function Φ(r) = −r−1 for r > 0 and F is a smooth curvature function, homogeneous of
degree 1, monotone, and concave. What we only need to check is that flow (2.5) or the general
flow (2.6) preserves the condition of horospherical convexity.
By using (4.23) in [23] for the second fundamental form hij , we have the evolution equation
for h˜ij := h
i
j − δ
i
j that
(2.7)
˙˜hij = Q(∇
2h˜,∇h˜)ij + Φ˙F
klhlrh
r
kh˜
i
j + Φ˙F
klhlrh
r
kδ
i
j
+(Φ− Φ˙F )h˜ikh˜kj + 2(Φ − Φ˙F )h˜
i
j + (Φ− Φ˙F )δ
i
j
−{(Φ + Φ˙F )δij − Φ˙F
klgklh˜
i
j − Φ˙F
klgklδ
i
j}.
:= Q(∇2h˜,∇h˜)ij +H
i
j,
where
Q(∇2h˜,∇h˜)ij = Φ˙F
klh˜ij;kl + Φ˙F
kl,rsh˜kl;jh˜
i
rs; + Φ¨(F
klh˜kl;j)(F
rsh˜ irs; )
=: Φ˙F klh˜ij;kl +N
i
j .
In order to use the maximum principle for symmetric tensors in [3], which is a refinement of
Hamilton’s maximum principle [13], we need to check the following two statements:
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(i) H ija
jai ≥ 0,
(ii) N ijaia
j + Φ˙ supΓ 2F
kl(2Γpkh˜ip;la
i − ΓpkΓ
q
l h˜pq) ≥ 0,
for any a = (a1, · · · , an−1) with h˜
i
ja
j = 0, where aj = gjlal.
From (2.7) it is easy to say that
H ija
jai = Φ˙(F
klhlrh
r
k + F
klgkl − 2F )|a|
2.
Now, we can write
F = F klhkl,
for F is homogeneous of degree 1. Therefore, we infer in the orthonormal basis
F klhlrh
r
k + F
klgkl − 2F
= F klgls(h˜
s
r + δ
s
r)(h˜
r
k + δ
r
k) + F
klgkl − 2F
klgls(h˜
s
k + δ
s
k)
= F klglsh˜
s
rh˜
r
k ≥ 0,
since F kl is positive definite. On the other hand, we have
Φ˙ > 0.
Hence, (i) follows.
Noticing that
N ij = (Φ(F ))
kl,rsh˜kl;jh˜
i
rs; ,
and that the smallest eigenvalue of h equals to 1, we can apply the work of Andrews [3] to show
that statement (ii) holds. Hence the preservation of the horospherical convexity under (2.5)
follows from his maximum principle. 
In [10], Cabezas-Rivas and Miquel showed that the preserving volume mean curvature flow
preserves the horospherical convexity. See also the work of Makowski [35].
Let g be a Riemannian metric on Mn−1. Denote Ricg and Rg the Ricci tensor and the scalar
curvature of g respectively. The Schouten tensor is defined by
Ag =
1
n− 3
(
Ricg −
Rg
2(n − 2)
g
)
.
Let Λg be the set of the eigenvalues of the Schouten tensor Ag with respect to the metric g. The
σk-scalar curvature, which is introduced by Viaclovsky, is defined by
σk(g) := σk(Λg).
This is a natural generalization of the scalar curvature R. In fact, σ1(g) =
1
2(n−2)R. Recall that
M is of dimension n − 1. We now consider the conformal class [gSn−1 ] of the standard sphere
S
n−1 and the following functionals defined by
(2.8) Fk(g) = vol(g)
−n−1−2k
n−1
∫
Sn−1
σk(g) dg, k = 0, 1, ..., n − 1.
If a metric g satisfies σj(g) > 0 for all j ≤ k, we call it k-positive and denote g ∈ Γ
+
k . We recall
some generalized Sobolev inequality.
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Proposition 2.3. Let 0 < k < n−12 and g ∈ [gSn−1 ] k-positive. We have
(2.9) Fk(g) ≥ Fk(gSn−1) =
Ckn−1
2k
ω
2k
n−1
n−1 .
Moreover, when k = 2, n > 5 and g ∈ [gSn−1 ] 1-positive, the above inequality still holds.
Inequality (2.9) is a generalized Sobolev inequality, since when k = 1 inequality (2.9) is just
the optimal Sobolev inequality. See for example [4] and [12].
Proof. The first part follows from Theorem 1.A in [29]. When k = 2, n > 5 and g ∈ [gSn−1 ]
1-positive, by Theorem 1 in [19] (see also [26]), we infer
(
∫
Sn−1
σ1(g) dg)
−n−5
n−3
∫
Sn−1
σ2(g) dg ≥ (
n− 1
2
)−
n−5
n−3
(n − 1)(n− 2)
8
ω
2
n−3
n−1 .
On the other hand, since g is 1-positive, we have
F1(g) ≥ F1(gSn−1) =
n− 1
2
ω
2
n−1
n−1 .
Hence, the desired result yields. 
3. An Alexsandrov-Fenchel inequality in the hyperbolic space
First, a direct computation gives the following result.
Lemma 3.1. Along the inverse flow (2.5), we have
d
dt
∫
Σ
{
σ4 −
(n− 3)(n − 4)
6
σ2 +
(n− 1)(n − 2)(n − 3)(n − 4)
24
}
= (n− 5)
∫
Σ
{
σ4 −
(n− 3)(n − 4)
6
σ2 +
(n− 1)(n − 2)(n − 3)(n − 4)
24
}
+
n− 4
4
{∫
Σ
(
5
σ5σ3
σ4
−
4(n − 5)
n− 4
σ4
)
+
(n− 4)(n − 5)
6
(
4(n − 3)
n− 4
σ2 − 3
σ23
σ4
)
(3.1)
+
∫
Σ
(n− 2)(n − 3)(n − 4)(n− 5)
24
(
σ1σ3
σ4
−
4(n− 1)
n− 4
)}
.
Proof. Under the flow (2.3), (2.4) yields that
d
dt
∫
Σ
{
σ4 −
(n− 3)(n − 4)
6
σ2 +
(n− 1)(n − 2)(n − 3)(n − 4)
24
}
=
∫
Σ
5σ5F −
(n− 4)(n − 5)
2
σ3F +
(n− 2)(n − 3)(n − 4)(n − 5)
24
σ1F.
Substituting F = n−44
σ3
σ4
into the previous formula and arranging it, we thus get the desired
result (3.1). 
Remark 3.2. When n = 5, Lemma 3.1 implies that
∫
Σ l2 is a constant. This is acturally the
fact that
∫
Σ l2 is the Euler characteristic of Σ up to a constant multiple.
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Compared the last three terms in (3.1) with the Newton-MacLaurin inequalities (2.1),(2.2),
one will see immediately that the first two terms are non-positive, but the last one is non-
negative. Therefore, unlike in the papers of [8], [15] and [34] we can not use the Newton-
MacLaurin inequalities directly to establish the desired inequalities. We have to use more
precise inequalities, which are fortunately true for any
(3.2) κ ∈ {κ = (κ1, κ2, · · · , κn−1) ∈ R
n−1 |κi ≥ 1}.
This is one of key points of this paper.
Proposition 3.3. Let n > 5. For any κ satisfying (3.2) we have a refined Newton-MacLaurin
inequality (
5
σ5σ3
σ4
−
4(n− 5)
n− 4
σ4
)
+
(n− 4)(n − 5)
6
(
4(n − 3)
n− 4
σ2 − 3
σ23
σ4
)
+
(n− 2)(n − 3)(n− 4)(n − 5)
24
(
σ1σ3
σ4
−
4(n− 1)
n− 4
)
≤ 0.(3.3)
Equality holds if and only if one of the following two cases holds
(3.4) either (i)κi = κj ∀ i, j, or (ii)∃ i with κi > 1&κj = 1∀j 6= i.
Proof. For simplicity of notation, we denote
pk =
σk
Ckn−1
.(3.5)
By a direct computation, it is easy to see that (3.3) is equivalent to(
p5p3
p4
− p4
)
+ 2
(
p2 −
p23
p4
)
+
(
p1p3
p4
− 1
)
≤ 0.(3.6)
This inequality follows directly from the following two claims.
Claim 1. 3(p2p4 − p
2
3) + (p3p1 − p4) ≤ 0. Equality holds if and only if κ satisfies (3.4).
Claim 2. 3(p5p3 − p
2
4) + (p3p1 − p4) ≤ 0. Equality holds if and only if κ satisfies (3.4).
In the proof of these two claims, we replace n− 1 by n for simplicity of notation and consider
κ = (κ1, κ2, · · · , κn) ∈ R
n with
κi ≥ 1, ∀i,
and denote pk the average of n-choose-k type products for n real numbers κ1, · · · , κn with κj ≥ 1
(1 ≤ j ≤ n).
Let
Fn(x) = x
n + C1np1x
n−1 + C2np2x
n−2 + · · · +Cn−1n pn−1x+ pn = Π
n
i=1(x+ κi),(3.7)
which has exactly n real roots −κi ≤ −1. By the mean value theorem we have that
1
n
F ′n(x) = x
n−1 +
n− 1
n
C1np1x
n−2 +
n− 2
n
C2np2x
n−3 + · · ·+
1
n
Cn−1n pn−1 = Π
n−1
i=1 (x+ κ˜i),
(3.8)
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is a (n− 1)-degree polynomial with n− 1 real roots −k˜i ≤ −1 (1 ≤ i ≤ n− 1). We can write
1
n
F ′n(x) = x
n−1 + C1n−1p1x
n−2 + C2n−1p2x
n−3 + · · ·+ Cn−2n−1pn−2x+ pn−1 = Π
n−1
i=1 (x+ κ˜i).
(3.9)
This means that pi(1 ≤ i ≤ n − 1) of κ ∈ R
n can be viewed as the average of (n − 1)-choose-i
type products of κ˜ = (κ˜1, · · · , κ˜n−1) ∈ R
n−1 with k˜j ≥ 1 for all j. Namely
pi(κ) = pi(κ˜), for 1 ≤ i ≤ n− 1.
Therefore, by an argument of mathematical induction, it suffices to prove Claim 1 for n = 4,
and prove Claim 2 for n = 5.
Proof of Claim 1 for n = 4: Given n numbers (κ1, κ2, · · · , κn), we denote
∑
cyc
f(κ1, · · · , κn) the
cyclic summation which takes over all different terms of the type f(κ1, · · · , κn). For instance,∑
cyc
κ1 = κ1 + κ2 + · · ·+ κn,
∑
cyc
κ21κ2 =
n∑
i=1
(
κ2i
∑
j 6=i
κj
)
,
∑
cyc
κ1(κ2 − κ3)
2 =
n∑
i=1
(
κi
∑
1≤j<k≤n
j,k 6=i
(κj − κk)
2
)
,
= (n− 2)
∑
cyc
κ1κ
2
2 − 6
∑
cyc
κ1κ2κ3.
When n = 4, we have
p1 =
1
4
∑
cyc
κ1, p2 =
1
6
∑
cyc
κ1κ2, p3 =
1
4
∑
cyc
κ1κ2κ3, p4 = κ1κ2κ3κ4.
Then we can get
p1p3 − p4 =
1
16
(
(κ1 + κ2 + κ3 + κ4)(κ1κ2κ3 + κ1κ2κ4 + κ1κ3κ4 + κ2κ3κ4)− 16κ1κ2κ3κ4
)
=
1
16
∑
cyc
κ1κ2(κ3 − κ4)
2,(3.10)
3(p2p4 − p
2
3) =3
(1
6
κ1κ2κ3κ4(κ1κ2 + κ1κ3 + κ2κ3 + κ1κ4 + κ2κ4 + κ3κ4)
−
1
16
(κ1κ2κ3 + κ1κ2κ4 + κ1κ3κ4 + κ2κ3κ4)
2
)
=−
1
16
∑
cyc
κ21κ
2
2(κ3 − κ4)
2,(3.11)
from above, we can infer that
3(p2p4 − p
2
3) + p1p3 − p4 =
1
16
∑
cyc
κ1κ2(1− κ1κ2)(κ3 − κ4)
2 ≤ 0.(3.12)
This proves Claim 1.
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Proof of Claim 2 for n = 5: We have:
p1 =
1
5
∑
cyc
κ1, p3 =
1
10
∑
cyc
κ1κ2κ3, p4 =
1
5
∑
cyc
κ1κ2κ3κ4, p5 = κ1κ2κ3κ4κ5.
Hence
p1p3 − p4 =
1
50
(
(κ1 + κ2 + κ3 + κ4 + κ5)
∑
cyc
κ1κ2κ3 − 10κ1κ2κ3κ4κ5
5∑
i=1
1
κi
)
=
1
50
(∑
cyc
κ21κ2κ3 − 6
∑
cyc
κ1κ2κ3κ4
)
=
1
100
∑
cyc
κ1κ2(κ3 − κ4)
2,(3.13)
3(p5p3 − p
2
4) =3
( 1
10
κ1κ2κ3κ4κ5
∑
cyc
κ1κ2κ3 −
1
25
(∑
cyc
κ1κ2κ3κ4
)2)
=
3
50
(
− 2
∑
cyc
(κ1κ2κ3κ4)
2 + κ1κ2κ3κ4κ5
∑
cycle
κ1κ2κ3
)
=
3
100
(
−
∑
cyc
(κ1κ2κ3)
2(κ4 − κ5)
2
)
.(3.14)
Therefore, we have
3(p5p3 − p
2
4) + (p3p1 − p4) =
1
100
∑
cyc
κ1κ2(κ3 − κ4)
2 +
3
100
(
−
∑
cyc
(κ1κ2κ3)
2(κ4 − κ5)
2
)
=
1
100
∑
cyc
[
κ1κ2 + κ2κ3 + κ1κ3 − 3(κ1κ2κ3)
2
]
(κ4 − κ5)
2 ≤ 0,(3.15)
which implies Claim 2. Therefore the proof completes. 
Remark 3.4. One can also prove the Proposition by using a replacement with κi = 1+ κ˜i with
κ˜i ≥ 0 for all i and the ordinary Newtow-McLaughlin inequalities (Lemma 2.1). With the same
proof we present here, Proposition 3.3 holds for κ ∈ Rn−1 with κiκj ≥ 1 for all i 6= j. This is
equivalent to the condition that the sectional curvature of Σ is non-negative. We believe that the
results proved in this paper for horospherical convex hypersurfaces hold also for hypersurfaces
with non-negative sectional curvature.
Remark 3.5. From the proof of Proposition 3.3, it is easy to see that (3.3) changes sign for
κ ∈ Rn−1 with 0 ≤ κi ≤ 1.
Now we have a monotonicity of Q(Σt) defined by (1.11) under flow (1.10).
Theorem 3.6. Functional Q(Σt) is non-increasing under the flow (1.10), provided that the
initial surface is horospherical convex.
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Proof. By Proposition 2.2, Lemma 3.1 and Proposition 3.3, we have
d
dt
∫
Σ
{
σ4 −
(n− 3)(n − 4)
6
σ2 +
(n− 1)(n − 2)(n − 3)(n − 4)
24
}
≤ (n− 5)
∫
Σ
{
σ4 −
(n− 3)(n − 4)
6
σ2 +
(n− 1)(n − 2)(n − 3)(n − 4)
24
}
.(3.16)
On the other hand, by (2.4) and (2.2), we also have
(3.17)
d
dt
|Σt| =
∫
Σt
n− 4
4
σ3σ1
σ4
dµ ≥ (n− 1)|Σt|.
Combining (3.16) and (3.17) together, we complete the proof.

Theorem 3.7. For any horospherical convex hypersurface Σ in Hn with n > 5, we have
(3.18) Q(Σ) ≥
(n− 1)(n − 2)(n − 3)(n− 4)
24
ω
4
n−1
n−1 .
Equality holds if and only if Σ is a geodesic sphere.
Proof. Let Σ(t) be a solution of flow (1.10) obtained by the work of Gerhardt [23]. We have
showed that this flow preserves the horospherical convexity and non-increases the functional Q
in proposition 2.2 and Theorem 3.6 respectively. Hence, to show (3.18) we only need to show
(3.19) lim
t→∞
Q(Σt) ≥
(n− 1)(n − 2)(n − 3)(n − 4)
24
ω
4
n−1
n−1 .
Since Σ is a horospherical convex hypersurface in (Hn, g¯), it can be written as a graph of function
r(θ), θ ∈ Sn−1. We denote X(t) as graphs r(t, θ) on Sn−1 with the standard metric gˆ. We set
λ(r) = sinh(r) and we have λ′(r) = cosh(r). It is clear that
(λ′)2 = (λ)2 + 1.
We define ϕ(θ) = Φ(r(θ)). Here Φ is a function satisfying
Φ′ =
1
λ
.
We need another function
v =
√
1 + |∇ϕ|2gˆ.
By the result of Gerhardt [23], we have the following results.
Lemma 3.8.
λ = O(e
t
n−1 ), |∇ϕ|+ |∇2ϕ| = O(e−
t
n−1 ).
The second fundamental form of Σ is written in an orthonormal basis
hij =
λ′
vλ
(
δij −
ϕij
λ′
+
ϕiϕlϕjl
v2λ′
)
.
We have also
∇λ = λλ′∇ϕ.
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We recall the basic facts
σ4 =
1
24
(
s41 − 6s
2
1s2 + 8s1s3 + 3s
2
2 − 6s4
)
,
σ2 =
1
2
(
s21 − s2
)
,
where
sk :=
∑
i
κki .
From above, we have the following expansions.
s1 =
λ′
vλ
(
n− 1−
△ϕ
λ′
+
ϕiϕjϕij
v2λ′
)
+O(e−
6t
n−1 ),
s2 = (
λ′
vλ
)2
(
n− 1−
2△ϕ
λ′
+
ϕilϕ
l
i
(λ′)2
+
2ϕiϕjϕij
v2λ′
)
+O(e−
6t
n−1 ),
s3 = (
λ′
vλ
)3
(
n− 1−
3△ϕ
λ′
+
3ϕilϕ
l
i
(λ′)2
+
3ϕiϕjϕij
v2λ′
)
+O(e−
6t
n−1 ),
s4 = (
λ′
vλ
)4
(
n− 1−
4△ϕ
λ′
+
6ϕilϕ
l
i
(λ′)2
+
4ϕiϕjϕij
v2λ′
)
+O(e−
6t
n−1 ).
These give
σ2 =
1
2
(
λ′
vλ
)2
(
(n − 1)(n− 2)−
2(n − 2)△ϕ
λ′
−
ϕilϕ
l
i
(λ′)2
+ (
△ϕ
λ′
)2 +
2(n− 2)ϕiϕjϕij
v2λ′
)
+O(e−
6t
n−1 ),
and
σ4 =
1
24
(
λ′
vλ
)4(n− 3)(n − 4)
(
(n− 1)(n − 2)−
4(n − 2)△ϕ
λ′
−
6ϕilϕ
l
i
(λ′)2
+6(
△ϕ
λ′
)2 +
4(n − 2)ϕiϕjϕij
v2λ′
)
+O(e−
6t
n−1 ),
which imply
l2 = σ4 −
(n− 3)(n − 4)
6
σ2 +
(n− 1)(n − 2)(n − 3)(n − 4)
24
=
(n− 1)(n − 2)(n − 3)(n − 4)
24
[
(
λ′
vλ
)2 − 1
]2
−
(n− 2)(n − 3)(n − 4)
6
△ϕ
λ′
(
λ′
vλ
)2[
(
λ′
vλ
)2 − 1
]
+
(n− 2)(n − 3)(n − 4)
6
(
λ′
vλ
)2[
(
λ′
vλ
)2 − 1
]
ϕiϕjϕij
v2λ′
+
(n− 3)(n − 4)
4
(
△ϕ
λ′
)2( λ′
vλ
)2[
(
λ′
vλ
)2 −
1
3
]
−
(n− 3)(n − 4)
4
ϕilϕ
l
i
(λ′)2
(
λ′
vλ
)2[
(
λ′
vλ
)2 −
1
3
]
+O(e−
6t
n−1 ).
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From Lemma 3.8 and expressions of v, λ, λ′, we get
(
λ′
vλ
)2 − 1 =
1
λ2
− |∇ϕ|2 +O(e−
4t
n−1 ),
which implies
6l2
(n − 3)(n − 4)
=
(n− 1)(n − 2)
4
(
1
λ2
− |∇ϕ|2)2 − (n− 2)
△ϕ
λ
(
1
λ2
− |∇ϕ|2).
+
(
△ϕ
λ
)2
−
ϕilϕ
l
i
(λ′)2
+O(e−
6t
n−1 ).
We now define a 2-tensor
A = −λ∇2ϕ−
1
2
(λ2|∇ϕ|2 − 1)gˆ.
One can check that
3l2
(n− 3)(n − 4)
= λ−4σ2(gˆ
−1A) +O(e−
6t
n−1 ).
Recall ϕ(θ) = Φ(r(θ)). It is easy to check that λi = λ
′ri. It follows that
ϕi = λi/λλ
′ and ϕij =
λij
λ2
−
2λiλj
λ3
+O(e−
3t
n−1 ).
Hence we have
(3.20)
3l2
(n− 3)(n − 4)
= λ−4σ2(gˆ
−1(−
∇2λ
λ
+
2∇λ⊗∇λ
λ2
−
1
2
(
|∇λ|2
λ2
− 1)gˆ)) +O(e−
6t
n−1 ).
Recall the definition of the Schouten tensor
Sgˆ =
1
n− 3
(
Ricgˆ −
Rgˆ
2(n − 2)
gˆ
)
=
1
2
gˆ.
Its conformal transformation formula is well-known (see for example [43])
(3.21) Sλ2gˆ = −
∇2λ
λ
+
2∇λ⊗∇λ
λ2
−
1
2
|∇λ|2
λ2
gˆ + Sgˆ = −
∇2λ
λ
+
2∇λ⊗∇λ
λ2
−
1
2
|∇λ|2
λ2
gˆ +
1
2
gˆ.
From (3.20) and (3.21), we obtain
3l2
(n− 3)(n − 4)
= σ2(λ
2gˆ) +O(e−
6t
n−1 ).
Recall that the metric on Σ(t) has the following expansion
g = λ2(gˆ +∇ϕ⊗∇ϕ) = λ2gˆ +O(1).
It follows √
det(g) = λn−1(1 +O(e−
2t
n−1 )),
which gives
|Σ(t)| = (1 + o(1))
∫
Sn−1
λn−1 = (1 + o(1))vol(λ2gˆ).
Similarly, we have
(3.22)
∫
3l2
(n− 3)(n − 4)
=
∫
Sn−1
σ2(λ
2gˆ)dvolλ2 gˆ+O(e
(n−7)t
n−1 ) = (1+o(1))
∫
Sn−1
σ2(λ
2gˆ)dvolλ2 gˆ.
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Here we have used the fact
∫
Sn−1
σ2(λ
2gˆ)dvolλ2 gˆ = O(e
(n−5)t
n−1 ) (in fact, we have
∫
Sn−1
σ2(λ
2gˆ)dvolλ2 gˆ ≥
c|Σ(t)|
n−5
n−1 ≥ c1e
(n−5)t
n−1 for some c, c1 > 0 see the proof below). We try to use the generalized
Sobolev inequality for the conformal metric λ2gˆ, which is presented in Proposition 2.3. For this
purpose, we need to show that λ2gˆ ∈ Γ+1 . Our observation is that it is asymptotically true.
More precisely, we have the following asymptotic property
σ1 = n− 1 +
n− 1
2
(
1
λ2
− |∇ϕ|2)−
△ϕ
λ
+O(e−
4t
n−1 )
= n− 1 +
1
λ2
(
n− 1
2
−
n− 5
2
|∇λ|2
λ2
−
△λ
λ
) +O(e−
4t
n−1 )
= n− 1 + σ1(λ
2gˆ) +O(e−
4t
n−1 ).
Recall Σ(t) is a horospherical convex hypersurface. As a consequence, σ1 ≥ n− 1 so that
σ1(λ
2gˆ) +O(e−
4t
n−1 ) ≥ 0.
We consider λ˜ := λ1−e
−
t
n−1
and the conformal metric λ˜2gˆ. We have
λ˜2σ1(λ˜
2gˆ) =
n− 1
2
e−
t
n−1 +
n− 3
2
e−
t
n−1 (1− e−
t
n−1 )
|∇λ|2
λ2
+ (1− e−
t
n−1 )λ2σ1(λ
2gˆ).
This yields λ˜2gˆ ∈ Γ+1 . From the Sobolev inequality (2.9) for the σ2 operator, we have
(3.23) (vol(λ˜2gˆ))−
n−5
n−1
∫
Sn−1
σ2(λ˜
2gˆ)dvol
λ˜2 gˆ
≥
(n− 1)(n − 2)
8
ω
4
n−1
n−1 .
On the other hand, we have
(3.24) (vol(λ˜2gˆ))−
n−5
n−1
∫
Sn−1
σ2(λ˜
2gˆ)dvol
λ˜2 gˆ
= (1 + o(1))(vol(λ2 gˆ))−
n−5
n−1
∫
Sn−1
σ2(λ
2gˆ)dvolλ2 gˆ,
since
λ−e
−
t
n−1
= 1 + o(1).
As a consequence of (3.22), (3.23) and (3.24), we deduce
lim
t→+∞
(vol(Σ(t)))−
n−5
n−1
∫
Σ(t)
l2 ≥
(n− 1)(n − 2)(n − 3)(n − 4)
24
ω
4
n−1
n−1 .
This proves (3.19), and hence (3.18). When (3.18) is an equality, then Q is constant along the
flow. In this case (3.17) is an equality, which implies that equality in the inequality
n− 4
4
σ1σ3
σ4
≥ n− 1,
holds. Therefore, Σ is a geodesic sphere. 
Theorem 3.7 has its own interest. It is in fact a Sobolev type inequality. See similar Sobolev
type inequalities in [29]. Now we can finish the proof of our main result.
Proof of Theorem 1.1. First of all, it is easy to check that for geodesic spheres all inequalities
considered in this paper are equalities.
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In view of (1.11) and (3.18), we have when n > 5,
(3.25)
∫
Σ
l2 ≥
(n− 1)(n − 2)(n − 3)(n − 4)
24
ω
4
n−1
n−1 (|Σ|)
n−5
n−1 .
Since we can write σ4 = l2 +
(n−2)(n−3)
6 σ2−
(n−1)(n−2)(n−3)(n−4)
24 , combining above with (1.8) we
get ∫
Σ
σ4 ≥ C
4
n−1ω
4
n−1
n−1 (|Σ|)
n−5
n−1 +
∫
(n− 2)(n − 3)
6
σ2 −
(n− 1)(n − 2)(n − 3)(n − 4)
24
(3.26)
≥ C4n−1ωn−1
{(
|Σ|
ωn−1
) 1
2
+
(
|Σ|
ωn−1
) 1
2
n−5
n−1
}2
.(3.27)
This is inequality (1.9). By Theorem 3.7, equality holds if and only if Σ is a geodesic sphere,.
When n = 5, the Euler characteristic is equal to 1 since the hypersurface Σ is star-shaped.
By Remark 3.2, we know that (3.25) is an equality when n = 5, even for any hypersurface
diffeomorhpic to a sphere. Hence in this case, we also have the above inequalities with equality
in (3.26), and hence (1.9). Equality in (1.9) implies equality in (3.27), which, in turn, implies
by [34] that Σ is a geodesic sphere. 
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